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Abstract
We propose a variational multigrid method for fast 3D
interpretation of image sequences, in which a dense depth
map and 3D motion are directly recovered from spatiotemporal change of intensity images without prior matching and estimation. In this paper, we adopt the multigrid
methods to efficiently reduce the computational complexity
of the variational method, and suggest a new variational
formulation to reliably perform the 3D interpretation. We
show the efficiency and effectiveness of our method through
experimental results with synthetic and real images.

1. Introduction
3D interpretation is an important problem in computer
vision. Recovered 3D information can be used for several
applications, such as robot navigation, surveillance, object
recognition, video compression, and graphical rendering of
visual data.
Most methods for 3D interpretation firstly compute
sparse or dense correspondences in visual data sets [3, 4].
Such correspondences are performed by image features,
stereo disparity, or optical flow. However, these approaches
depend on the accuracy of matching or estimation process
and are, in general, ill-posed. As an alternative, variational
3D interpretation was first studied in [5, 6], which only used
the spatio-temporal change of intensity images to estimate
scene depth and 3D motion and do not require prior matching and estimation. In these methods, 3D interpretation was
stated as an energy minimization problem, and a partial differential equation (PDE) system was derived to obtain a
solution of the problem. However, this approach leads to
large-scale challenging numerical problems; e.g. there are
more than two million variables in the PDE system to evaluate with a 640 × 480 video image [5]. Hence, variational
3D interpretation has been impractical for time-critical applications.

In this paper we adopt multigrid methods [2] for variational 3D interpretation to solve a PDE system with a fast
convergence rate and linear computational complexity. Although multigrid methods are among the fastest methods for
solving PDE systems, these schemes have not been applied
in our area. However, multigrid methods do not provide
a single algorithm for all problems. Hence, a new multigrid framework should be designed for solving our problem. For this end, we suggest a new variational formulation so that we can derive a linear PDE system with constant coefficients, which is more preferable to the nonlinear
PDE system of the prior work from the viewpoint of the
multigrid implementation. Coefficients are determined to
preserve discontinuities in the multigrid solution of scene
depth and motion. Then, we develop a multigrid scheme
for efficiently solving the PDE system. We compare the efficiency and effectiveness of our method with the previous
method.
The remainder of the paper is organized as follows. Section 2 introduces the basic concepts of variational 3D interpretation. Section 3 describes our variational formulation
with its multigrid implementation. We close with experimental results and conclusions in Sections 4 and 5.

2. Problem Statement
Under the instantaneous motion model assumptions [5,
6], a 3D point X on a moving object satisfies the differential
equation
Ẋ = v + w × X,
(1)

where v = (v1 , v2 , v3 )> and w = (w1 , w2 , w3 )> are the
linear and angular velocities of the object motion, respectively. X = Zx is used in (1), where Z is a depth value,
and x = (x, y, 1)> a 2D image position. Through a pinhole camera, the image motion u, corresponding to X, is
u = Z −1 Cv + Dw ≡ Ct + Dw,

(2)

where t = (t1 , t2 , t3 ) = Z v, and the definitions of C
and D can be found in [5]. As we can see in (2), scene depth
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>

−1

can be recovered only up to the scale factor [5, 6]. Hence,
we can only determine the inverse value of scene depth as
Z −1 = ||t|| by assuming that ||v|| = 1.
Let I0 and I1 be two consecutive frames of a image sequence. Then, by using the constant brightness assumption
and (2), we can obtain an expression that relates the 3D variables to the image spatio-temporal derivaties:
I1 + c> t + d> w − I0 = 0,

(3)

where c = ∇I1> C and d = ∇I1> D. Using this fact, H.
Sekkati et al. [6] developed a 3D interpretation that minimizes the following energy functional:
Z Z
2
I1 + c> t + d> w − I0 dxdy (4)
E1 (t, w) =
Ω

+λ

Z Z X
3 
Ω i=1







Φ ||∇ti || + Φ ||∇wi || dxdy,

√
where Φ(s) = 2 1 + s2 − 2. The Euler-Lagrange equations for ti , wi , i = 1, 2, 3 are given by


0

 λdiv Φ ||∇ti || ∇t  = 2c I + c> t + d> w − I 
0
i 1
||∇ti ||  i
0


Φ
||∇w
||

i
>
>
 λdiv
||∇wi || ∇wi = 2di I1 + c t + d w − I0
(5)
with boundary conditions ∂n ti = 0, ∂n wi = 0, i = 1, 2, 3,
where n is the unit normal to the boundary ∂Ω of Ω. A discretization of (5) yields a large-scale system of non-linear
PDEs which is difficult to solve. Gauss-Seidel relaxation
(GSR) iterations were used within continuation as in a halfquadratic (HQ) minimization algorithm [1], which should
alternatively compute auxiliary variables. However, the
computational cost of this procedure is very high because
of the slow convergence rate of GSR and the additional cost
for updating the auxiliary variables.

3. Variational Multigrid for 3D interpretation
We develop a new variational formulation and fast
numerical implementations based on multigrid methods,
which requires on the order of O(N ) operations, compared
to typical complexities of O(N 3 ) operations of a basic relaxation, where N is the number of nodes in the current
grid.

3.1. Variational Formulation
We minimize an energy functional E2 = M + R, where
M ≡ M (t, w) measures the conformity to data according
to (3), and R ≡ R(t, w) defines regularizing constraints
on t and w. Considering the measurement noise and the

approximation error in (3), we define a spatially smoothed
gradient constraint equation
(6)

I1σ + cσ> t + dσ> w − I0σ = δ,

where I0σ = I0 ∗ Gσ , I1σ = I1 ∗ Gσ , cσ = ∇I1σ> C, dσ =
∇I1σ> D, δ is a error variable, and Iσ = Gσ ∗ Ij represents
the convolution of Ij with a Gaussian of standard deviation
σ. Hence, the data term M in our energy functional is
Z Z
2
1
M (t, w) =
I1σ + cσ> t + dσ> w − I0σ dxdy.
2
2σδ
Ω
(7)
The regularization term R is defined so that it realizes a
data-driven anisotropic regularization [7] to preserve the
discontinuities in scene depth and motion and ease implementation with multigrid methods. Thus, we introduce a
variant of diffusion tensor

T ∇I0σ =
(8)


σ
2
2
1
|∂y I0 | + ν
0
,
0
|∂x I0σ |2 + ν 2
||∇I0σ ||2 + 2ν 2
where ν is a positive constant, and then we define a firstorder regularization R1 by
R1 (t, w) =
Z Z X
3 
Ω i=1

(9)


σ
>
σ
∇t>
i T (∇I0 )∇ti + ∇wi T (∇I0 )∇wi dxdy.

We also propose a zero-order regularization R0 , defined as
3
X

1
t2i + wi2 dxdy,
σ
2
2
Ω ||∇I0 || + 2ν i=1
(10)
which is introduced to suppress the value of 3D variables
where texture is not available. (7), (10), and (9) lead to the
following energy functional:

R0 (t, w) =

Z Z

E2 (t, w) = M (t, w) + µR0 (t, w) + λR1 (t, w).

(11)

The Euler-Lagrange equations for ti , wi , i = 1, 2, 3, corresponding to (11), are given by


λdiv T (∇I0σ )∇ti =




cσ
i
i

I1σ + cσ> t + dσ> w − I0σ + ||∇I σ2µt
2
2
σδ2
0 || +2ν

σ
=
λdiv
T
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0



dσ

σ
σ>
i
i
I
+
c
t + dσ> w − I0σ + ||∇I2µw
σ 2
2
2
1
σδ
0 || +2ν
(12)
We obtain a linear PDE system by discretizing the EulerLagrange equations in (12) via the finite difference approximation [2]. Then, we apply the multigrid methods to the
linear PDE system. The discrete Euler-Lagrange equations
corresponding to (12) are not included to save space.
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3.2. Full Multigrid Implementation
h

Let

i

FULL MULTIGRID V-CYCLE SCHEME
i
v
i
v
v

...

2h

A h zh = b h

(13)

describe a linear PDE system for 3D interpretation, where
Ah is the stiffness matrix, bh the source term, the subscript h
the size of the grid spacing, and z the exact solution. Since t
and w are independent of each other, we obtain linear systems for each. Therefore, zh is a 3N -dimensional vector
consisting of t and w of all image pixels in lexicographical
order, and Ah is a 3N × 3N matrix, of which each element
comes from the discrete Euler-Lagrange equations. We define z̃ with a current or next approximate solution, and z̄
with a smoothed or corrected solution. Combining the ideas
of relaxation and coarse-grid correction, we can obtain the
two-grid iteration:
1. Pre-smoothing: Compute z̄h by applying µ1 sweeps of a relaxation method to z̃h .
2. Coarse-grid correction:
(a) Compute the residual rh = bh −Ah z̄h on the fine grid.
(b) Restrict the residual r2h = Rh2h rh to the coarse grid.
(c) Solve exactly the system A2h e2h = r2h on the coarse
grid for the correction.
(d) Prolong the correction to the fine grid by eh =
h
P2h
e2h .
(e) Correct the next approximation by z̄h ← z̄h + eh .
3. Post-smoothing: Compute z̃h by applying µ2 sweeps of a
relaxation method to z̄h .

We can apply this two-grid method recursively down
to some coarsest grid, denoted by the subscript H , where
the solution can be found easily by iterating the relaxation
scheme to convergence. This recursive scheme is the multigrid method. One iteration of a multigrid method is called a
multigrid V-cycle (MV). Efficiency can be improved by using the full multigrid algorithm (FMG). Instead of starting
with z̃h = 0, the first approximation is interpolated from
a coarse-grid solution, which is found by a similar FMG
process from even coarser grids. The FMG for the V-cycle
(FMV) is defined recursively by the following two steps:
1. If h0 = H, then solve exactly by z̄H = A−1
H bH . Otherwise,
apply a FMV to z̄2h0 .
h0
2. Set initial guess by z̄h0 = P2h
0 z̄2h0 , and compute z̃h0 by
applying η sweeps of a MV to z̄h0 .

4. Experimental Results
Numerical experiments were conducted with synthetic
and real image sequences. All computations were carried
out on a desktop PC with a 2.4-GHz Intel P4 CPU executing C/C++ code. We evaluated the recovered 3D information by using a display of gray value rendering of
the scene depth map as in [5, 6]. Since scene depth can
be recovered up to scale, we used the scaled inverse value
of scene depth, sZ −1 , for rendering a gray level map,

4h
8h=H
n=1

n=2

Figure 1. Our FMV scheme. V-cycles are denoted with v, interpolation steps with i, and
iteration numbers with n.

Table 1. Comparison of the numerical performance for variational 3D interpretation.
Scheme
GSR,HQ,E1 [6]
GSR,E2
FMV,HQ,E1
FMV,E2

Runtime [s]

n

rrel

506
1299

0.000998
0.000009

136.88
349.44

304
559

0.000998
0.000009

53.85
100.09

4
11

0.000633
0.000007

11.73
26.45

5
9

0.000358
0.000004

13.53
21.33

where s = 255/max(, ||t||) was used with a small positive value . For the numerical evaluation, we compared
the L2 -norm of residual ||rh ||2 and the relative residual
rrel = ||rhn ||2 /||rh0 ||2 of each scheme. σδ in (7) was esti√
mated in a robust and simple way as σδ = median(|δ|)/ 2.
The FMV scheme in Figure 1 was used in all experiments
with four grids, µ1 = 1, µ2 = 1, and η = 1.
We evaluated the numerical performance of our method
by synthesizing a 320 × 240 image pair as in [6]. Both E1
and E2 were tested for variational 3D interpretation. Table 1 shows the required number of iterations n to reach
the desired precisions of rrel < 10−3 and 10−5 , the actual value of the relative residual, and the runtime for each
scheme. Figure 2 clearly shows that our FMV scheme converges faster than the GSR scheme.
Figure 3 compared the effectiveness of the proposed
variational formulation E2 to E1 within the multigrid
framework. Using another synthetic image pair of a dynamic scene of three independently moving squares. E2
preserved the discontinuities in depth better that E1 do
when the full multigrid scheme was adopted.
Our method was applied to two test examples, the Rotating cube sequence (256 × 240) and the Yosemite sequence
(316 × 252). Figures 4 and 5 show depth maps obtained by
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Figure 2. Comparison of (GSR,E2) and
(FMV,E2) in terms of log-scaled ||rhn ||2 .

Figure 4. Test examples. (a) Rotating cube sequence. (b) Yosemite sequence. (c), (d) Depth
maps obtained by ten FMV iterations with E2 .
(a)

(b)

(c)

(d)

Figure 3. Simulation results. (a), (b) Synthetic
image pair. (c), (d) Depth maps obtained by
five FMV iterations with E1 and E2 , respectively.

Figure 5. A 3D rendering result of the textured
depth map of the Yosemite sequence.
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